An analytical loss model for Mach-Zehnder interferometers ͑MZIs͒ is developed and used to provide a general phase sensitivity expression for arbitrary photon input states. The model takes into account phase regime, regional losses, and regional internal "environmental" conditions and is therefore useful for understanding the relationships among these factors and phase sensitivity. The ground state MZI is also defined and the associated model's formalism is used to deduce several well established MZI phase sensitivity performance characteristics. It is shown that this ground state model represents nonideal MZIs for a wide range of operational frequencies and environmental conditions. This model also predicts that Heisenberg limited phase sensitivity cannot be achieved by a lossy MZI. Rather, for large input photon number and instrument efficiency , the limiting phase sensitivity is the associated shot-noise limit scaled by the factor 2 ͱ 1−.
I. INTRODUCTION
In recent years much effort has been devoted to determining the phase sensitivities associated with one and two input port Mach-Zehnder interferometers ͑MZIs͒. The motivations for this are, in large part, due to both the utility of MZIs for such diverse practical applications as combustion analysis and gyroscopy, 1,2 as well as their relationships to such high interest leading edge research areas as quantum computation and quantum teleportation. [3] [4] [5] These phase sensitivity studies have addressed second-and fourth-order interference with various combinations of field, matter, and matter-field input states from both ideal and nonideal perspectives. [6] [7] [8] [9] [10] [11] Here the ideal perspective refers to the assumption that the MZI is lossless and has unit detection efficiency. The more realistic nonideal perspective assumes the MZI experiences loss and subunit detection efficiency.
This more realistic perspective can be formally achieved for photonic systems through the insertion of a fictitious beam splitter into a lossless quantum channel or into a channel preceding an ideal detector. [12] [13] [14] [15] [16] Such a beam splitter introduces the effects of loss or detector inefficiency by letting an associated system annihilation operator â enter one of its input ports and mix with a bosonic vacuum state "environmental" annihilation operator v that enters its other input port, where it is assumed that ͓â , v ͔ = 0. The resulting degraded system annihilation operator â Ј exits one output port of the fictitious beam splitter and has the form
Here the efficiency parameter 0 Ͻ ഛ 1 quantifies the loss and is related to the transmissivity of the fictitious beam splitter. Observe that since ͓â , â
, so that the bosonic commutation property of the output mode is preserved.
This article has three major objectives. The first is to posit an analytical MZI loss model for arbitrary photon input states that employs as its loss mechanism fictitious beam splitters located between its output ports and associated ideal detectors; in the input port channels; and in the two internal arms of the interferometer between the input and output beam splitters. This enables the use of distinct efficiency parameter values and environmental states-which need not be vacuum states-to quantify the losses in each of the three associated regions. The second objective is to use this tripartite model to develop a phase sensitivity expression that is generally applicable for nonideal MZIs employing homodyne detection schemes and to show that it correctly reduces to the known form for the ideal MZI. The third objective is to obtain from the general phase sensitivity expression the associated expression for the ground state MZI, that is, one that exhibits loss and for which all environmental states are vacuum states. The validity of this ground state MZI model is demonstrated by showing that for specific input states it manifests well established MZI performance properties, including sub-shot-noise phase sensitivity when squeezed vacuum enters an unused input port. In addition, this model is shown to have utility over a wide range of operational frequencies and environmental conditions. As a concluding application, the inherent formalism of the model is used to prove that loss prevents attainment of the Heisenberg limit phase sensitivity.
II. THE LOSS MODEL AND MEASUREMENT OPERATOR
As described above and by Fig. 1 , the two 50%:50% ͑and assumed lossless͒ input and output beam splitters in an MZI define three regions in the model. The "␣ region" of the model is that region between the input source and the input beam splitter with losses quantified by the efficiency param- It follows from this partitioned architecture that the final loss-degraded output operators â out and b out are related to the input operators â in and b in through the matrix equation
and
Here, Ĩ is the identity matrix, Z = B P B , and B and P are the beam splitter and phase shift transformation matrices given by
respectively.
The associated number difference measurement operator-which is applicable for homodyne detection-is obtained from Eq. ͑1͒ via the matrix expression
where
͑4͒
Using this along with Eq. ͑1͒ yields where
III. PHASE SENSITIVITY FOR THE TRIPARTITE MZI LOSS MODEL
The phase sensitivity ⌬ for the MZI loss model can be determined in the usual way from the general expression
where ⌬ 2 C is the variance of the measurement operator given by
with ͗Ĉ 2 ͘ = ͗⌿͉Ĉ 2 ͉⌿͘ and ͗Ĉ ͘ = ͗⌿͉Ĉ ͉⌿͘ for system state
Here ͉ a in ,b in ͘ is the normalized preloss input state and ͉ x ͘, x ͕c , d , e , f , g , h͖ is the normalized environmental state associated with the environmental operator x. Using Eq. ͑5͒, it is found that
where ͕X , Ŷ ͖ = X Ŷ + Ŷ X is the anticommutator for X and Ŷ and
Accordingly, the measurement variance becomes
where the subscripted variances and cross correlations are defined by
respectively. Inspection of the matrix expanded forms of the subscripted operators in Eq. ͑5͒ reveals that Eqs. ͑7͒ and ͑8͒ can be further simplified. In particular, since the operators Ĉ ␥ , Ĉ , and Ĉ ␥, are functionally independent of the phase , it follows that
It is also seen that
Consequently, all ͗D x;y ͘ terms with subscripts matching those of these commutators vanish in Eq. ͑8͒.
Collecting these results and applying them to Eq. ͑6͒ yields the following general expression for the MZI loss model phase sensitivity: 
IV. PHASE SENSITIVITY FOR THE LOSSLESS MZI
As a first application of the model, consider an ideal MZI for which there are no losses ͑denoted "lossless"͒. In this case
Utilizing these results in Eq. ͑9͒ yields
It is easily verified that this result agrees with that for the lossless MZI given by Dowling's 7 Eq. ͑8͒.
V. PHASE SENSITIVITY FOR THE GROUND STATE MZI
Now consider the nonideal ground state ͑denoted "gs"͒ MZI where ␣ 1, ␥ 1, 1, and all environmental states are the vacuum state so that ͉⌿ gs ͘ = ͉ a in ,b in ͉͘0͉͘0͉͘0͉͘0͉͘0͉͘0͘. It is easily determined that, due to the actions of the environmental operators upon their vacuum states, ͗Ĉ ␥ ͘ = ͗Ĉ ͘ = ͗Ĉ ␣,␥ ͘ = ͗Ĉ ␣, ͘ = ͗Ĉ ␥, ͘ = 0; each ͗D x;y ͘ in Eq. ͑9͒ vanishes; and all variances in Eq. ͑9͒, with the exception of ⌬ 2 C ␣ , ⌬ 2 C ␣,␥ , and ⌬ 2 C ␣, , vanish. Consequently, Eq. ͑9͒ reduces to
Using Eq. ͑10͒ and the above variances and expected value in Eq. ͑11͒, it is found after some algebraic manipulation that
which implies that ␣␥Ͼ1 and contradicts the fact that ␣␥ഛ1. Consequently, the factor in "curly braces" must be greater than or equal to 1 and the theorem is proved. The reader will recognize the right-hand side of the inequality in this theorem's conclusion as the associated ͑loss degraded͒ standard, or shot-noise, limit with equality holding when = / 2. Thus, regardless of the input state ͉ a in ͘ ͉0͘, the phase sensitivity for any ground state MZI is shot-noise limited when one input port is unused. This theorem formalizes and is consistent with the well known fact that MZI phase sensitivity is shot-noise limited because vacuum fluctuations enter the unused port and are amplified in the interferometer by the coherent field. 8 Now consider the case where a large amplitude coherent state ͉␤͘ and a moderately squeezed vacuum ͉0;͘ are MZI input states. 
͑13͒
The theorem's conclusion follows from the fact that
Here ͓␣␥͉␤͉ 2 ͔ −1/2 is the ͑loss degraded͒ shot-noise limit. When = / 2, the theorem correctly concludes that sub-shot-noise phase sensitivity can be achieved and that there exists a loss-dependent lower bound to this sensitivity for the ground state MZI when squeezed vacuum is used as an input state. It is also apparent that this lower bound can only be suppressed by reducing loss; i.e., by making ␣␥ as close to unity as possible. This is consistent with the observation made by Xiao et al. ͓18͔ that, when using a squeezed source, the MZI experimental phase sensitivity is limited by propagation and detection losses and not by the degree to which the source is squeezed.
VI. DISCUSSION
Inspection of the environmental-related terms found in Eq. ͑9͒ indicates as expected that excited state ͑denoted "es"͒ MZIs-that is lossy MZIs with environmental states which are not vacuum states-are less phase sensitive than ground state MZIs. As a simple example of this, suppose for the sake of illustration only that the ␥ region of an MZI is excited so that ͉⌿ es ͘ = ͉ a in ,b in ͉͘0͉͘0͉͘1͉͘1͉͘0͉͘0͘. It is then easily found from Eq. ͑9͒ that for this case, tive of a formal logic system, the model is useful for identifying and quantifying very general characteristics associated with MZI phase sensitivity performance.
